Theorem. A necessary and sufficient condition that the weighted polynomials P(x)w(x) fail to be dense in the continuous functions which vanish at infinity is that there be an entire function F(z) of exponential type, not a polynomial, which is real for real z and whose zeros \n are real and simple, such that log Mix + iy) ^ m-l 7 dt iy^O).
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If G(z) is an entire function of minimal exponential type such that f\G(t)dp(t)\ <«., and
Lemma 2. Let F(z) be a nonconstant entire function of exponential type, whose zeros X" are real and simple, such that r log+ I F(t) I (2) * ' Wl dt < oo.
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Let G(z) be an entire function of exponential type such that r iog+ 1 G(t) | jt tial type. For every polynomial P(z) such that f\P(t)dp(t)\ fkl,
By (1), H(z) goes to zero at both ends of the imaginary axis. By Boas
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Let z = iy where y->+ co. The first term goes to zero by the Lebesgue dominated convergence theorem. The second term goes to zero by the hypothesis (1) on G(z). Therefore, jG(t)du(i)=0. Q.E.D.
Proof of Lemma 2. Let F(z) and G(z) satisfy the hypotheses of the lemma. Let^
It is obvious that Gi(z) is an entire function and that
where the hypothesis is that the sum converges. As in [2, pp. 147-148], Gi(z) has exponential type and the hypothesis (2) implies that r log+ | Gi(t) | -ffl/ < oo .
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By the Lebesgue dominated theorem, G(iy) =o(F(iy)) (|y|-»°°). Because of the hypotheses on G(z), G2(z) is an entire function of exponential type such that r log+ I G2(t) I I -dp.(t) = 0.
Proof of theorem, the sufficiency. Let p. be the Borel measure with its mass concentrated at the zeros of F(z) and with mass (F'(\n)w("kn))~l at X". The hypothesis is that f\dp(t)\ < oo. By Lemma 3, for every polynomial P(z), C ^ P(K) P(t)w(i)dp.(t) = Yj -h~ = 0. J | git) \ w(t) | dp(t) | = 1 and J g(t)w(t)dp(l) = 0.
As we have seen, g(t) is equal a.e. with respect to p. to an entire function G(z). Therefore, the support of p. is contained entirely in the set of zeros of G(z) and the interval [a, b] . By the arbitrariness of [a, b], the support of p. is a discrete set {Xn}.
Let Xi and X2 be any two distinct points of the support of p. and let g(t) be the function which vanishes everywhere except at Xi and at X2, such that
Then r 1 gio 1 wn) 1 dpn) 1 = 21 x2 -\i h < * and j g(t)w(t)dp.(t) = 0.
Let G(z) be the entire function constructed above corresponding to g(t). Since G(z)/M(z) is a uniform limit of continuous functions which vanish at infinity in the complex plane, Let X3 be any third point of the support of p. and let H(z) = (z-Xi)_1(z-Xs)_1P(z). Then H(z) is an entire function of minimal exponential type, /| H(t) | w(t) | dp(t) \ < 00 and H(iy) = o(M(iy)) (\ y\ -* 00).
By Lemma 1,
To summarize, if X is any real zero of F(z) in the support of p, P'(XMX)m({X}) = 1.
We claim that F(z) has no other zeros. For suppose F(z) had a zero X which was not in the support of p. Let Xi be a zero of F(z) in the support of p. Let L(z) = (z-\)~x(z-\i)~1F(z).
It follows by the use of Lemma 3 as above that fL(t)w(t)dp(t) =0, or equivalently that (Xx -X)~1F'(Xi)w(Xi)p({Xi}) = 0, which contradicts the fact that F'(Xi)w(Xi)p({Xi}) = 1.
In other words, the zeros of F(z) are real and simple, and are in oneto-one correspondence with the points of support of p.. It is obvious from the properties of p. that p, is supported at more than a finite number of points and that therefore F(z) is not a polynomial.
But now E | F'iKMK) h1 = J* | dp | =1.
Q.E.D.
